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■ We present an optimal method of teleporting an unknown qubit using any pure entangled state. 

on: 

On . 

: Quantum teleportation [1] involves, transfer of an unknown qubit from a sender (Alice) to 

a receiver (Bob) via a quantum channel (a previously shared maximally entangled pair) and 
using only classical communication (for example, a phone call). However faithful teleportation 
[1] (and also secure key distribution [2]) is not possible if the quantum channel is a not a 
maximally entangled state. This is precisely the reason why the entanglement concentration 
and purification protocols [3-8] are of importance in quantum information theory. Recently in 
a very interesting paper, Mor and Horodecki [9] obtained the optimal probability for perfect 
teleportation using any pure entangled state (conclusive teleportation). 

The present work introduces an alternative optimal method for conclusive teleportation. The 
Q\ . basic idea of our method is as follows. Alice first prepares an ancilla in a state, say \x) 

(the coefficients of this state are the Schmidt coefficients of the supplied pure entangled 
state) besides her usual possession of two qubits. She now performs a joint three particle 
measurement on her three qubits. It turns out that for some of her results, Bob needs to 
perform only the standard rotations (cr z ,a x ,a z a x ) to reconstruct the unknown state, after he 
gets two bits of information from Alice. However, for any of the remaining possible set of 
outcomes, Alice needs to do an optimal POVM (positive-operator value measure) [10], which 
is basically a generalized measurement to discriminate between the nonorthogonal states. She 
| communicates her result to Bob, who in turn rotates his qubit accordingly. The method we 

^ ■ propose fails sometime, but when successful the fidelity of teleportation is one. 



Suppose, Alice and Bob shares a pure entangled state given by, 

\^) AB = a\oo) AB + p\n) AB (1) 

where we take a, (3 to be real and a 2 > (3 2 (this can be assumed without any loss of generality). 
Let the unknown state which Alice is supposed to send to Bob be, 




\4>) 1 = a\0) + b\l) = [ I j . (2) 
Alice now prepares an ancilla qubit in the state, 

|X> 2 =a\Q)+P\l) = I " I . CM 
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Therefore the combined state of the four qubits is given by, 



I*)i2AB = I^>i®Ix) 2 ®IV')ab= [I J ®[ a p) ®M00) + /?|11» AB (4) 

We now observe that the state |^) 12 ab can a ^ so ^ e written as (we omit the tensor product 
sign henceforth), 

I* W = \l(» 2 \*l)l2A + f \*2)i2a) ( I ) + (« 2 I*1>12A " ? I*2> 12A ]) ( "ft ) + 



(/3 2 |d> 3 ) 12A + a 2 |d> 4 ) 12A ) ^ * j + ((3 2 |* 3 >i2A " « 2 1*4 W ^ ^ j ]+ 

^[l*^ ( ° ) fl + |*e>™ ( _ a , + |*r> 1!L4 ( * ) fl + |*8> m ( ^ ) J (5) 

We now look at (5) more carefully. The most important thing to note that, we have succeeded 
in writing down the combined state in a way where one part clearly resembles the one in the 
BBCJPW protocol [1] whereas the other part resembles that of Mor and Horodeckis' [9]. This 
in turn implies that for some of the outcomes, just standard rotations by Bob is sufficient to 
construct the unknown state. If that is not the case then of course one has to resort to POVM 
for state discrimination and so on which we discuss afterwards. Now the set {<E>j} , % = 1, 2. ..8, 
forms a complete orthonormal basis of the combined Hilbert space of the three spin 1/2 
particles (or two level systems) that Alice holds and is defined by, 

|$i) = |000) ; |$ 2 > = |in> ; |* 3 ) = |011) ; |$4> = 1 100) 



|* 5 ) = -±= [|010> + |101)] ; |$ 6 ) = [|010> - |101)] (6) 



|*7) = ^= [|001) + |110)] ; |<& 8 > = -±= [|001) - |110)] 
We now consider the following set of projection operators {Pi, P 2 , P3, P4, P5, Pejdefined by, 

P = P[*x] + P[* 2 ]; P 2 = P[* 3 ] + P[$ 4 ] 

p 3 = P[$ 5 ]; P 4 = P[$ 6 ]; P 5 = P[$ 7 ]; P 6 = P[$ 8 ] (7) 



2 



Now, in principle the measurement of an observable O is always possible whose corresponding 
operator is represented by, 



= Y J P^P^ (8) 



i=l 

Eq.(8) is nothing but the spectral decomposition of the operator O. First a few words about 
the projection operators given by (7) is necessary. Note that not all the projectors are of 
same nature. One essentially has in the set two types of projectors, both one dimensional 
and two dimensional ones. P\ and P2 are the two dimensional projectors that projects a state 
onto the subspaces spanned by {<I>i , ^2} and {$3, $4} respectively, whereas the rest are all 
one dimensional ones. 

Alice now performs a joint three particle measurement in accordance to Eq. (8). If she obtains 
any one of the states belonging to the set {^5) , \^&) , ^7) , \ , each of which occurs with 
probability ^-£-, the state of Bob's particle is projected onto one of the following states, 

( & ) ' ( a ^)'(^)'( ® ) Whichever one Bob obtains he therefore applies appropriate 
rotations to construct the unknown state on his side after he receives the necessary two bits 
of information from Alice. 

But Alice's measurement may also project the state onto either of the subspaces spanned by 

{<I>i, $2} and {<&3, $4}, and each such result occurs with probability ^ — ^ — '-. If this is the case, 
then Alice needs to perform an optimal POVM measurement (generalized measurement) in 
order to distinguish between the nonorthogonal states. The explicit representation of the oper- 
ators to discriminate between two non orthogonal states can be found in Refs. [9,10]. Suppose 
the result is the subspace spanned by {<I>i, ^2}- She does an optimal POVM measurement to 

( a 2 \ ( o? \ 

conclusively distinguish between the two states, 2 and 2 . As- 

V " /{*i;*2> V ~" /{*i;* 2 } 

suming (without any loss of generality) that a 2 > f3 2 , it turns out the probability of obtaining 

a conclusive result is 1 — ( "4^4 ) = ^qrgr 

Note that Alice has to inform Bob whether she succeeded or not and that requires one bit, in 
addition to which she also has to send two more bits so that Bob can perform the required 
rotations. 

So, given our scheme what is the probability of successful teleportation with fidelity one? It 
is straightforward to obtain that the probability p of having perfect teleportation is 

p = 2/3 4 + 2a 2 (3 2 = 2[i 2 (9) 

Comparing our probability of perfect teleportation with that of Mor and Horodecki [6] (pmh) 
which is 2/3 2 , we see that p = pmh- So our result also brings about the optimal probability 
of perfect teleportation with any pure entangled state. 

In summary, we have described an optimal method for teleporting an unknown quantum 
state using any pure entangled state. A positive implication of our strategy is in its partial 
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dependence on POVM to achieve perfect teleportation. We have seen that for some of Alice's 
outcomes, only standard rotations need to be performed by Bob to get the unknown state . 
Nevertheless the cost one has to pay for it is a joint three particle measurement. 

I wish to acknowledge Guruprasad Kar and Anirban Roy for many stimulating discussions. 
I'm grateful to Anthony Chefles and H. K. Lo for pointing out an error in the earlier version 
of this work to my attention. 
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